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Deﬁne a point in a topological space to be homotopically ﬁxed if it is ﬁxed by every 
self-homotopy of the space, i.e. every self-map of the space which is homotopic to 
the identity, and deﬁne a point to be one-dimensional if it has a neighborhood whose 
covering dimension is one. In this paper, we show that every Peano continuum is 
homotopy equivalent to a reduced form in which the one-dimensional points which are 
not homotopically ﬁxed form a disjoint union of open arcs. In the case of one-dimensional 
Peano continua, this presents the space as a compactiﬁcation of a null sequence of open 
arcs by the homotopically ﬁxed subspace.
© 2012 Elsevier B.V. Open access under CC BY-NC-ND license.
1. Introduction
The main result of this paper is Theorem 3.1, which describes a reduced form for homotopy types of one-dimensional
Peano continua. In the theorem, I(X) represents the points in X with one-dimensional neighborhoods, and B(X) is the ho-
motopically ﬁxed subset of I(X).
Theorem 3.1. Every Peano continuum X is homotopy equivalent to an arc-reduced continuum Y , i.e. where G(Y ) = I(Y ) − B(Y ) is a
disjoint union of open arcs.
This paper is a sequel to [4], which proved the following results about Peano continua.
Theorem 1.1. Every non-contractible Peano continuum has a strong deformation retraction to a deforested continuum.
A deforested continuum is one with no strongly contractible subsets attached at a single point (see Section 2 for precise
deﬁnitions).
Theorem 1.2. In a deforested Peano continuum, the set of points with simply connected one-dimensional neighborhoods forms a locally
ﬁnite graph.
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Fig. 2. Example of Theorem 3.1.
In the case of one-dimensional Peano continua, the deforested form is minimal in the following sense:
Theorem 1.3. Every one-dimensional Peano continuum has a minimal deformation retract, called its core.
As an example of Theorem 3.1, consider a compact metric space B together with an inﬁnite tree limiting on a Cantor
set. We can form a one-dimensional Peano continuum by mapping the Cantor set at the end of the tree onto the set B and
taking the quotient space. If the original space B is locally path connected, then the set of points with simply connected
neighborhoods is just the tree, so Theorem 3.1 tells us that this space is homotopy equivalent to a null sequence of open
arcs attached to the set B on a countable dense set. Fig. 1 shows the case where B is an interval, and Fig. 2 shows the case
where B is a disk.
While Theorem 3.1 tells us that the graph from Theorem 1.2 can be made very nice, it was shown in [4] that the
complement of this locally ﬁnite graph is rigid, being exactly the set of points in I(X) that are ﬁxed by all self-homotopies
of X .
2. Preliminaries and deﬁnitions
We begin by recalling a few standard deﬁnitions that will be used throughout the rest of the paper. Dimension will mean
covering dimension. We will denote the identity map on X by IdX . A Peano continuum is a compact, connected, locally path
connected separable metric space. A dendrite is a one-dimensional Peano continuum containing no simple closed curves.
A loop in a space X is a continuous map from S1 to X .
Theorem 2.1 (Hahn–Mazurkiewicz). A space is a Peano continuum if and only if it is a metric space that is the continuous image of a
closed arc.
Many of our arguments in this paper will use the notion of reduced loops:
Deﬁnition 2.2. A loop f : S1 → X is reduced if whenever f |I is a closed path for some interval I ⊂ S1, then f |I is either
essential (when ﬁxing the endpoints of I) or constant.
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information on reduced loops see the work of Cannon and Conner [1]; note that they consider based reduced loops, while
we consider freely reduced loops in this paper and in [4].
Lemma 2.3. In a one-dimensional Peano continuum, every loop f is homotopic to a reduced loop f˜ , which is unique up to
reparametrization. Furthermore, the image of f˜ is contained in the image of f . We call f˜ a reduced representative for f .
Deﬁnition 2.4. A connected set D in X is an attached strongly contractible subset if
(1) the boundary of D in X consists of one point, and
(2) D has a strong deformation retraction to its boundary point.
Note that the boundary point of an attached strongly contractible subset is a cut-point of the space, where one comple-
mentary component of the cut-point can be contracted ﬁxing the cut-point.
Deﬁnition 2.5. A space is deforested if it contains no attached strongly contractible subsets.
The name for the previous deﬁnition is motivated by the one-dimensional Peano case, where strongly contractible subsets
are dendrites, which are tree-like.
Deﬁnition 2.6. The core of a continuum is a minimal strong deformation retract. That is, a strong deformation retract that
admits no proper strong deformation retraction.
Deﬁnition 2.7. The one-dimensional set I(X) of a space X is the set of points with one-dimensional neighborhoods. A point
x ∈ I(X) in a Peano continuum X is bad if it has no simply connected neighborhood, or equivalently if every neighborhood of
x contains a simple closed curve. Notice that every simple closed curve is essential in a one-dimensional Peano continuum
(see [6] or use Lemma 2.3). We denote the set of all bad points of X by B(X), and its complement in I(X) by G(X) =
I(X) − B(X).
These subsets of the space will be useful in the proofs of the main theorems, and have certain nice properties that will
be discussed in the remainder of the paper. In fact, the set B(X) has been studied before in slightly different contexts.
Cannon and Conner [2] deﬁne the set B(X) for connected planar sets, and prove that every self-homotopy must ﬁx B(X)
pointwise. This agrees with our deﬁnition in the case of planar one-dimensional Peano continua, and we prove a similar
theorem in [4], including a stronger version for one-dimensional spaces, which we present below as Theorem 2.8. While not
explicitly deﬁned, these same notions are also used in Theorem 5.2 of [3]. Conner and Eda also discuss the set B(X) in [5],
although there they use the notation Xw for the set B(X), and call these points wild. While they deﬁne the set as those
points where the space is not semi-locally simply connected, by Lemma 2.3 we see that for one-dimensional spaces this is
the same as points that are not locally simply connected, which is our deﬁnition of B(X).
We restate a theorem from [4] that discusses some properties of the set B(X) for one-dimensional Peano continua. This
is also a consequence of [6].
Theorem 2.8. In a one-dimensional Peano continuum X, a point is bad if and only if it is ﬁxed by every self-homotopy of X , that is,
a map f : X → X where f  IdX . Moreover, if h : X → Y is a homotopy equivalence, then h|B(X) is a homeomorphism onto B(Y ).
Deﬁnition 2.9. We say that X is arc-reduced if G(X) is either a disjoint union of a null sequence of open arcs or a ﬁnite
bouquet of circles.
The Hawaiian earring (the one point compactiﬁcation of a null sequence of open arcs) is a simple example of an arc-
reduced continuum that is not just a ﬁnite bouquet of circles. In fact, Theorem 3.1 shows that every one-dimensional
arc-reduced continuum (with B(X) = ∅) is a compactiﬁcation of a null sequence of open arcs by the set B(X), which is
homotopically ﬁxed. We note that the set B(X) can be any zero or one-dimensional compact metric space.
3. Main theorem
We now prove the existence of the arc-reduced form for all Peano continua.
Theorem 3.1. Every Peano continuum X is homotopy equivalent to an arc-reduced continuum Y , i.e. where G(Y ) = I(Y ) − B(Y ) is a
disjoint union of open arcs.
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theorem is obviously true if G(X) = ∅, so we assume that G(X) = ∅.
First note that by Theorem 1.2 we may assume that G(X) = I(X) − B(X) is a locally ﬁnite graph. Since X is separable,
G(X) must have a countable number of edges and vertices. Recall that instead of allowing a half-open (or open) edge in
our graph, we choose a sequence of points on the edge approaching the endpoint(s) (X is compact) and consider those as
vertices of valence 2.
To deﬁne the continuum Y and the homotopy equivalence between X and Y , we will choose paths in G(X) along which
we will retract the vertices of G(X) into X − G(X). Essentially, we want a maximal forest in G(X) that strongly deformation
retracts to X − G(X). Recall that a maximal forest in a graph is a subgraph which contains every vertex, has no cycles, but
adding any additional edge from the ambient graph creates a cycle.
In order to do this, deﬁne a sequence of covers Ui of X − G(X) by path connected open sets in X of diameter i, where
U0 = {X}, 0 = diam(X), and i+1 < i/2. Since X −G(X) is compact, we can also require that i+1 < λi, a Lebesgue number
for the cover Ui, so that each U ∈ Ui+1 is contained in some U ′ ∈ Ui . For convenience, we deﬁne Ai to be the union of all
U ∈ Ui . By our choice of i, we have the following inclusion: Ai ⊃ Ai+1 ⊃ X − G(X). Note that there are only ﬁnitely many
vertices in each Ai − Ai+1, since each Ai+1 contains a λi+1-neighborhood of X − G(X), and so an inﬁnite set of vertices in
Ai − Ai+1 would have a limit point in G(X), which is a locally ﬁnite graph.
We now begin to choose the paths by which we will retract the vertices of G(X) to X − G(X). Consider the vertices in
Ai − Ai+1. Each such vertex x is contained in some U ∈ Ui, and there is an arc a(x) from x to X − G(X) contained in U .
Since our graph contains no open edges, this arc a(x) must hit vertices as it approaches X − G(X). Let q(x) be the initial
segment of a(x) until it ﬁrst hits a vertex in Ai+1. Denote the end vertex of q(x) by v(x). Continue choosing such paths
with the added condition that for vertices x, x′ ∈ Ai, the paths q(x) and q(x′) are either disjoint, or they coincide after their
ﬁrst intersection. Note that for vertices x ∈ Ai, we have d(x, y) i for all y ∈ q(x), since q(x) ⊂ a(x) ⊂ U ∈ Ui . Iterate this
process for the remaining vertices in the sets A j , j > i.
After all the paths q(x) have been chosen, set r(x) to be the ray deﬁned by the concatenation of the paths
q(x),q(v(x)),q(v2(x)), . . . (i.e. r(x) follows the path q(x) from x, then the path from the endpoint of that path, and so
on). The sequence {vk(x)} is Cauchy since k+1  k/2, and thus limits on a unique point b(x) ∈ X − G(X). Thus we can
deﬁne the path p(x) to equal r(x) up to time 1, and then map to the limit point b(x). It will be important to note that if
x ∈ U ∈ Ui, then the path p(x) has diameter at most ∑∞k=i k ∑∞k=0 i2−k = 2i, and thus the set of paths {p(x)} forms a
null sequence, since there are only ﬁnitely many vertices in each of the levels (Ai − Ai+1).
Denote the union of all the paths p(x) as F =⋃x p(x). Note that F is ‘mostly’ contained in G(X), except for a countable
number of endpoints
⋃
x b(x) ⊂ X − G(X). This set F is our desired maximal forest. To see that F deformation retracts to
X − G(X), ﬁrst note that each path p(x) deforms to its endpoint b(x), and does so in its image. Then since any limit of the
sets p(x) cannot be contained in the locally ﬁnite graph G(X), all such limit points must be in X − G(X) and thus ﬁxed by
all the deformations of the paths p(x). These conditions are suﬃcient to apply Lemma A.1, which states that we can paste
all these maps together to get a continuous deformation of F .
We now deﬁne the space Y and the maps f : X → Y and g : Y → X, and show that they are homotopy inverses. The
space Y is a quotient space of X, where each path p(x) constructed above is identiﬁed with its endpoint b(x) in X − G(X),
and f is the corresponding quotient map. This is well deﬁned since if any of the paths intersect, they coincide the rest of
the way to X − G(X). Thus Y is a Peano continuum with G(Y ) a disjoint union of open arcs, corresponding to those edges
in G(X) that are not part of any ray.
To deﬁne the map g, ﬁrst label all of the edges in G(X). Then subdivide each arc a in G(Y ) into a bi-inﬁnite sequence of
subarcs. Label the middle third of a with the label for b = f −1(a), the corresponding arc in X . Then for an end third of a,
let vi be the corresponding endpoint of the arc b. Label the inﬁnite sequence of subarcs with the labels of the edges in the
path p(vi), noting orientation (i.e. which direction is going to toward X − G(X)). The map g is also a quotient, identifying
all closed subarcs in G(Y ) that have the same oriented label.
The composition f ◦ g simply takes the arcs of G(Y ) and slides the end thirds to their endpoints in Y − G(Y ), and
stretches the middle third over the whole arc. This is clearly homotopic to the identity map on each arc, and is the identity
on Y − G(Y ). Since the arcs in G(Y ) form a null sequence, and any limit point of the arcs is in Y − G(Y ) which is ﬁxed by
each homotopy, we can paste these homotopies together by Lemma A.1 to see that f ◦ g is homotopic to IdY .
We now show that g ◦ f is homotopic to IdX . Let h : F × I → F be a strong deformation retraction of F onto ⋃x b(x), as
described above.
For each arc a in G(X)− F with endpoints v j and vk, deﬁne C(a) to be the concatenation of paths p j a pk . The homotopy
H : X × I → X ﬁxes X −G(X) for all times, retracts F by h, and stretches each arc a in G(X)− F over the arc C(a). Explicitly,




h(x, t) if x ∈ p j,
h(a(0), t − s(2t + 1)) if x = a(s) for s ∈ [0, t/(2t + 1)],
a(s(2t + 1) − t) if x = a(s) for s ∈ [t/(2t + 1),1− t/(2t + 1)],
h(a(1), t − (1− s)(2t + 1)) if x = a(s) for s ∈ [1− t/(2t + 1),1],
h(x, t) if x ∈ pk.
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the collection {C(a)} forms a null sequence, with each C(a) mapping into itself continuously for all time, and as before, any
limit point x0 of the C(a)’s will be in X − G(X), which is ﬁxed for all time. Thus g ◦ f is homotopic to IdX .
Thus f : X → Y is a homotopy equivalence of Peano continua X and Y , where G(Y ) is a disjoint union of open arcs and
f maps X − G(X) homeomorphically onto Y − G(Y ).
In the case where X = G(X) = I(X)− B(X), by Theorem 1.3 and Theorem 1.2 X is homotopy equivalent to a locally ﬁnite
graph. Pick any vertex of X to play the role of X − G(X) above. The rest of the proof follows as above. The bouquet must
be ﬁnite since X is compact, and has no bad points (B(X) = ∅) by hypothesis. 
4. One-dimensional Peano continua
In the previous section, we proved results dealing with the one-dimensional subspace of a Peano continuum of arbitrary
dimension. In this section, we will restrict our consideration to one-dimensional Peano continua, and prove stronger results
that hold in this case.
While the set B(X) is homotopically rigid, being ﬁxed pointwise by every self-homotopy of X , its complement G(X) can
be homotoped to be a disjoint union of open arcs.
As an application of Theorem 3.1, we will discuss the following example for one-dimensional Peano continua X :
If B(X) is ﬁnite (and non-empty), then X is homotopy equivalent to a ﬁnite number of Hawaiian earrings connected in either a line
or a circle.
If B(X) is non-empty and ﬁnite, then X is homotopy equivalent to an arc-reduced continuum Y with the ﬁnite set
B(X) = B(Y ), and the remainder of Y is a null sequence of open arcs. Each point of B(Y ) must have a Hawaiian earring
attached to it, as these points are in the bad set. Thus we have ﬁnitely many Hawaiian earrings connected by arcs (with
only vertices of valence 2). Note that there can only be ﬁnitely many arcs connecting distinct points of B(Y ). So we have
some ﬁnite connected graph, with a Hawaiian earring attached at each vertex. By a homotopy equivalence, we may assume
that the graph is a circle; any extra arcs can be absorbed by one of the Hawaiian earrings, and if we need an extra arc (i.e.
to make the circle from a line) we can take it from a Hawaiian earring.
Thus X is homotopy equivalent to an n-fold cover of the Hawaiian earring, where n = |B(X)|.
We can then use this form to see that any homomorphism from the fundamental group of the Hawaiian earring, π1(H),
to the fundamental group of an n-fold cover of the Hawaiian earring (as in the arc-reduced form above) is conjugate to a
homomorphism induced by a continuous map. This is an extension of the result by Summers [8] which proved the case
where n = 2, and is related to the result of Eda [7] which states that every homomorphism from π1(H) to itself is conjugate
to one induced by a continuous map. It is convenient to note that if we replace the Hawaiian earring by a homotopy
equivalent space obtained by joining one arc to the basepoint of the Hawaiian earring, we get that all homomorphisms are
in fact continuous, removing the possibility of only being conjugate to a continuous map. We can extend this idea to prove
the following theorem about the space nH, which is obtained by joining n copies of H in a circle.
Theorem 4.1. If m < n, then there is no surjective homomorphism π1(mH) π1(nH).
Proof. First note that nH is a covering space of the Hawaiian earring with covering map p. Thus if we have a homomor-
phism φ : π1(H) → π1(nH), then p∗ ◦φ is a homomorphism from the Hawaiian earring to itself, and is therefore continuous
by Eda’s result [7].
Now suppose φ : π1(mH) → π1(nH) is a homomorphism. Writing π1(mH) as a free product of π1(H), we can see that
each of the m factors are mapped continuously to π1(nH). As m < n, there is at least one basepoint b in nH that is not
in the image of the basepoints of mH. Let r be a retraction of nH to a Hawaiian earring based at b that does not contain
the images of the basepoints of mH. Now consider the composition r∗ ◦ φ. As φ is induced by a continuous map, and each
of the basepoints of mH do not map to b, the image of r∗ ◦ φ can only be countable. If φ were surjective then this image
would be uncountable, since π1(H) is uncountable. Therefore φ cannot be a surjection. 
Appendix A
Lemma A.1. Let H be a function from the metric space X × Y into a metric space Z . Let {Ci} be a null sequence of closed sets whose
union is X . Suppose that H is continuous on each Ci × Y , and that the images Di = H(Ci × Y ) form a null sequence of sets in Z . If for
every subsequence Cik converging to x0 there exists a point z0 ∈ Z such that Dik → z0 and H({x0} × Y ) = {z0}, then H is continuous
on all of X × Y .
Proof. Let (xn, yn) → (x0, y0). We need to show that H(xn, yn) → H(x0, y0). For each n, choose i(n) such that xn ∈ Ci(n) . If
{Ci(n)} is ﬁnite, then by restricting H to ⋃n Ci(n) × Y we have H(xn, yn) → H(x0, y0) by an application of the ﬁnite pasting
lemma.
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Ci ’s form a null sequence and the points xn ∈ Ci(n) converge to x0. Thus by our hypothesis, the images Di(n) converge to
z0 = H(x0 × Y ). Then for any neighborhood U of z0, only ﬁnitely many Di(n) are not contained in U . Again, by a ﬁnite
application of the pasting lemma, we see that the points H(xn, yn) that correspond to these ﬁnitely many Di(n) must
converge to H(x0, y0) = z0, and so are eventually contained in U . The remainder of the points H(xn, yn) are all contained
in U , since each corresponding Di(n) is contained in U . Thus the sequence H(xn, yn) converges to z0 = H(x0, y0), and
therefore H is continuous. 
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